Abstract. We prove that Jordan elementary surjective maps on rings are automatically additive.
Lemma 4. Let a = a 11 + a 12 + a 21 + a 22 ∈ R.
(i) If a ij t jk = 0 for each t jk ∈ R jk (1 ≤ i, j, k ≤ 2), then a ij = 0. Dually, if t ki a ij = 0 for each t ki ∈ R ki (1 ≤ i, j, k ≤ 2), then a ij = 0.
(ii) If t ij a + at ij ∈ R ij for every t ij ∈ R ij (1 ≤ i = j ≤ 2), then a ji = 0 (iii) If a ii t ii + t ii a ii = 0 for every t ii ∈ R ii (i = 1, 2), then a ii = 0; (iv) If t jj a + at jj ∈ R ij for every t jj ∈ R jj (1 ≤ i = j ≤ j), then a ji = 0 and a jj = 0.
Dually, if t jj a + at jj ∈ R ji for every t jj ∈ R jj (1 ≤ i = j ≤ j), then a ij = 0 and a jj = 0.
Proof. (i) It follows from condition (i) of Theorem 2 directly.
(ii) Since t ij a + at ij ∈ R ij , we have (t ij a + at ij )e i = 0. Thus, t ij ae i = 0, i.e., t ij a ji = 0. By (i), we have a ji = 0.
(iii) For the case of i = 1, we have 0 = a 11 e 1 + e 1 a 11 = a 11 + a 11 = 2a 11 , and so a 11 = 0 since R is 2-torsion free.
The case of i = 2 is the same as condition (ii) of Theorem 2 as R is 2-torsion free.
(iv) From t jj a + at jj ∈ R ij , we have (t jj a + at jj )e i = 0. Then t jj a ji = 0, and so a ji = 0.
Again, from t jj a + at jj ∈ R ij , we have e j (t jj a + at jj )e j = 0, i.e., t jj a jj + a jj t jj = 0. By (iii), we have a jj = 0. For every t ij ∈ R ij , by surjectivity of M * there exists x(i, j) ∈ R ′ such that M * (x(i, j)) = t ij . We compute
Therefore, we have and so a 11 t 12 = b 11 t 12 .Thus a 11 = b 11 . Therefore we can infer that M is injective. We now show that M * is injective. Let x, y ∈ R ′ such that M * (x) = M * (y). Since M is a bijection, we may pick a, b ∈ R such that a = M −1 (x) and b = M −1 (y). We write a = a 11 + a 12 + a 21 + a 22 and b = b 11 + b 12 + b 21 + b 22 .
For each t ij ∈ R ij , by the surjectivity of M * M, there is a c(i, j) ∈ R such that M * M(c(i, j)) = t ij . We consider
With the same argument above we can get a 11 = b 11 , a 12 = b 12 , a 21 = b 21 , and a 22 = b 22 . Hence a = b, equivalently, x = y, which completes the proof.
From the above lemma we see that both M and M * −1 are bijective.
for all a ∈ R, x ∈ R ′ .
Proof. We consider
which leads to the first equality. The second one goes similarly.
The following result will be used frequently in this note.
for all t ∈ R Proof. For every t ∈ R, applying Lemma 6, we have
by Lemma 7, we have
It follows that t ij c + ct ij = a ii t ij . By Lemma 4, we have c ji = 0. Note that t ij c + ct ij = t ij c ji + t ij c jj + c ji t ij + c ii t ij = t ij c jj + c ii t ij . Therefore we have (2) t ij c jj + c ii t ij = a ii t ij .
Now for any t jj ∈ R jj , using Lemma 7, we have
which yields that t jj c + ct jj = b ij t jj . It follows from Lemma 4 that c jj = 0. Moreover, equation (2) turns to be c ii t ij = a ii t ij , and so c ii = a ii . Notice that b ij t jj = t jj c + ct jj = t jj c ji + t jj c jj + c ij t jj + c jj t jj = c ij t jj . Using Lemma 4 we see that
By Lemma 6 we can infer that (ii) holds.
Similarly, we can get the following result.
Proof. Note that a 12 + b 12 c 22 = (e 1 + b 12 )(a 12 + c 22 ) + (a 12 + c 22 )(e 1 + b 12 ). We now compute (ii) and (iv) follow from (i) and (iii) respectively by Lemma 6.
Lemma 11. The following are true.
Proof. We only show (i). Suppose that c = c 11 + c 12 + c 21 + c 22 ∈ R satisfies M(c) = M(a 12 ) + M(b 12 ). For any t 22 ∈ R 22 , we have Lemma 12. The following hold. Lemma 13. For arbitrary a 11 , b 11 ∈ R 11 , we have
Proof. We only prove (i). Let c = c 11 + c 12 + c 21 + c 22 ∈ R be chosen such that M(c) = M(a 11 ) + M(b 11 ). 
Lemma 15. For arbitrary a 11 ∈ R 11 and b 22 ∈ R 22 , the following hold.
Proof. We only prove (i). Let c = c 11 + c 12 + c 21 + c 22 be an element of R satisfying M(c) = M(a 11 ) + M(a 22 ). For any t 22 ∈ R 22 , we consider
This implies that t 22 c + ct 22 = t 22 b 22 + b 22 t 22 . Then we get t 22 c 21 = 0, c 12 t 22 = 0, and t 22 c cc + c 22 t 22 = t 22 b 22 + b 22 t 22 . Again, by Lemma 4, we have c 21 = c 12 = 0, and c 22 = b 22 .
To complete the proof, we need to show that c 11 = a 11 . For any t 12 ∈ R 12 , we obtain
Note that in the last equality we apply Lemma 11. It follows that t 12 c + ct 12 = a 11 t 12 + t 12 b 22 , which leads to t 12 c 21 + t 12 c 22 + c 11 t 12 + c 21 t 12 = a 11 t 12 + t 12 b 22 , and so c 11 t 12 = a 11 t 12 . Therefore, c 11 = a 11 . The proof is done.
Lemma 16. For arbitrary a 12 ∈ R 12 and b 21 ∈ R 21 , we have
Proof. Let c = c 11 + c 12 + c 21 + c 22 ∈ R be chosen such that M(c) = M(a 12 ) + M(a 21 ). Now for arbitrary t 12 ∈ R 12 , we have Lemma 17. For any a 11 ∈ R 11 , b 12 ∈ R 12 , and c 21 ∈ R 21 , we have
. By Lemma 8 and Lemma 9, we have
For any t 21 ∈ R 21 , by Lemma 7 and equation (5) Therefore,
for all a ∈ A, x ∈ R. Then both M and M * are additive.
Proof. Note that, by Lemma 2 in [4] , we see that A satisfies conditions (i) and (ii) of Theorem 2. Now, the proof follows easily.
